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OUTLINE

Goal: Wild ride (hopefully exciting)

Computational challenges in quantum many-body systems

A case study: one-dimensional Heisenberg spin chain

Density-Matrix-Renormalization-Group (DMRG) versus Monte Carlo
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https://numericaltank.sjtu.edu.cn/three-body/three-body.htm

FIRST COMPUTATIONAL CHALLENGE?
··r1 = Gm2

r2 − r1

|r2 − r1 |3 + Gm3
r3 − r1

|r3 − r1 |3

··r2 = Gm1
r1 − r2

|r1 − r2 |3 + Gm3
r3 − r2

|r3 − r2 |3

··r3 = Gm1
r1 − r3

|r1 − r3 |3 + Gm2
r2 − r3

|r2 − r3 |3

Generically non integrable 
problem

Orbits are non periodic, 
chaotic
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ELECTRON’S MAGNETIC MOMENT
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MORE IS DIFFERENT

| ⟩ | ⟩
• Quantum many-body systems are more than the “sum” of their constituents

Many-body effects are enhanced in low dimension and “small” 
local Hilbert space

P.W. Anderson, More is Different, Science (1972)

1 + 1 ≠ 2
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SUPERCONDUCTIVITY

Heike Kamerlingh Onnes 
(1853-1926)

“Mercury practically zero”, 
Leiden, October 1911
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H = J
L

∑
j=1

[σx
j σx

j+1 + σy
j σy

j+1 + σz
j σz

j+1]
HEISENBERG SPIN-1/2 CHAIN

σx = (0 1
1 0)

σy = (0 −i
i 0 )

σz = (1 0
0 −1)

CuSO4

• Exact diagonalization

|s1, s2, s3, …, sL⟩
si = ↑ , ↓ [ ]⟨i |H | j⟩ = 2L

2L

|Ψ⟩ = ∑
{sj}

As1,s2,…sL
|s1, s2, …, sL⟩
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SPIN CHAIN HEAVEN
In 2008 Roger Hiorns transformed an empty council flat in Southwark, London into Seizure, 
a sparkling blue world of copper sulphate crystals. The work was created using 75,000 litres 
of liquid copper sulphate, which was pumped into the former dwelling to create a strangely 
beautiful and somewhat menacing crystalline growth on the walls, floor, ceiling and even the 
bath of the abandoned flat.
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l

eiq⋅rl⟨Sα
0 (0)Sβ

l (t)⟩

• Inelastic neutron scattering

Not just low energy

Two-particle continuum

Deconfined excitations

GLIMPSE INTO PHYSICS

Ground state is in a “liquid” 
phase (critical state)

Dynamical structure factor
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Ψ
σ₁σ₂σ₃ σ6

• Singular Value Decomposition

M = UΣV†, Σ = { λ1, λ2, …, λn}

• Matrix Product State (MPS) decomposition

Ψ
σ₁σ₂σ₃ σ6

dL

1 ≤ α ≤ χ
χ2Ld

MATRIX PRODUCT STATES
As1,s2,…,sL
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WHY IT WORKS
• Entanglement scaling

| ⟩

| ↑ ↓ ⟩ − | ↓ ↑ ⟩

2

SA = − TrAρA ln(ρA)

ρA = TrB |Ψ⟩⟨Ψ |

Von Neuman entropy

• In a many-body system

A

A

SA = ln(2)

Smax
A = |A | ln(2)

Volume-law scaling
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ENTANGLEMENT SCALING

| ⟩
• Area-law scaling in ground-states of local Hamiltonians

A

SA ∝ |A |d−1

Ψ
σ₁σ₂σ₃ σ6

SA = − ∑
j

λj ln(λj)

• For an MPS we have

M. B. Hastings, JSTAT, P08024 (2007) 
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DENSITY MATRIX RENORMALIZATION GROUP
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QUANTUM MONTE CARLO

Z(T) = Tr(e−βH)
• Partition function in quantum statistical mechanics

• Expectation values of local observables

⟨𝒪⟩ = Tr(𝒪e−βH)
• Suzuki-Trotter decomposition

Z(T ) = Tr(e−ΔτH)M = ∑
{(i1,i2,…,iM)}

⟨i1 |1 − ΔτH | i2⟩⟨i2 |1 − ΔτH | i3⟩⋯⟨iM |1 − ΔτH | i1⟩

A. Sandvik, Computational Studies of Quantum Spin Systems, AIP Conf.Proc.1297:135,2010
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⟨ ↑i ↑j |e−ΔτHij | ↑i ↑j ⟩ = ⟨ ↓i ↓j |e−ΔτHij | ↓i ↓j ⟩ = + e−Δτ/4

⟨ ↑i ↓j |e−ΔτHij | ↑i ↓j ⟩ = ⟨ ↓i ↑j |e−ΔτHij | ↓i ↑j ⟩ = + eΔτ/4 cosh(Δτ/2)

⟨ ↓i ↑j |e−ΔτHij | ↑i ↓j ⟩ = ⟨ ↑i ↓j |e−ΔτHij | ↓i ↑j ⟩ = − eΔτ/4 sinh(Δτ/2)

Monte Carlo sampling of 
trajectories

Fermions and/or frustration
Configurations can have negative 

weight (sign problem)

⟨Sgn⟩F = e−βNsΔf

S. Wessel, Monte Carlo simulations of 
spin models (2013)

QUANTUM MONTE CARLO
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CONVERGENCE OF QMC

δ ∝ 1/ #samples

Finite-temperature 
corrections

δ ∝ 1/β2
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FIELD THEORY CONTENT

H = J
L

∑
j=1

[σx
j σx

j+1 + σy
j σy

j+1]
“vacuum state”

“T
ow

er
 o

f e
xc

ita
tio

ns
”

CONFORMAL FIELD 
THEORY

LATTICE RESULT
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Budapest-Marseille-Wuppertal Collaboration, Science 322, 1224 (2008) 

LATTICE QCD DETERMINATION OF HADRON MASSES
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CHECK OF UNIVERSALITY

S(n)
A =

1
1 − n

ln TrAρn
A

F(n)
Υ = exp[(n − 1)(S(n)

Υ (x) − S(n)
GS(x))]

Excess entropy

x = ℓ/L

ℓ

L

F(n)
Υ (A) ≡ F(n)

Υ (x) = lim
w→−i∞

⟨∏n−1
k=0 Υk(w, w̄)Υ†

k(−w, − w̄)⟩ℛn

⟨Υ0(w, w̄)Υ†
0(−w, − w̄)⟩n

ℛ1

.

• Renyi entanglement entropies

• Renyi excess entropy function

• Conformal Field Theory vacuum correlator

Berganza, Alcaraz, Sierra, JSTAT, (2012) P01016 
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CONCLUSIONS

Numerical methods

Field Theory Exact results (mathematical 
physics)

• Synergistic view

• Ready for paradigm change

“Ptolemy curse”
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