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Can equilibrium quantum many-body phenomena 
    be observed in out-of-equilibrium contexts?


 Quantum phase transitions


 Emergent scales & scaling behavior
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 Open quantum systems 


 Monitored quantum dynamics
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Equilibrium quantum transitions
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Why equilibrium quantum transitions matter

λλc

ordered phase disordered phase

continuous transition

     Microscopic details become irrelevant:


  diverging correlation length  


  vanishing energy scales  


  universality

∙ ξ ∼ |λ − λc |−ν

∙ Δ ∼ ξ−z

∙

T = 0

S. Sachdev, Quantum Phase Transitions (Cambridge, 2011)

S.L. Sondhi, S.M. Girvin, J.P. Carini, D. Shankar, Rev. Mod. Phys. 69, 315 (1997)



Spectral viewpoint
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λλc
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Continuous quantum transitions

collapsing tower of low-energy states

Δ ∼ L−z



Spectral viewpoint

collapsing tower of low-energy states

E

λλc
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Continuous quantum transitions

Δ ∼ L−z

competing ground states

E

λλc

First-order quantum transitions

Δ ∼ exp(−cLd)



A paradigmatic example: the Quantum Ising chain

H = − ∑
j

(σz
j σz

j+1 + gσx
j )

mz ≡ ⟨σz
j ⟩

ggc = 10
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Continuous quantum transition 



A paradigmatic example: the Quantum Ising chain
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First-order quantum transition

H = − ∑
j

(σz
j σz

j+1 + gσx
j + hσz

j )

0

mz ≡ ⟨σz
j ⟩

h

1

−1

|g | < 1



A paradigmatic example: the Quantum Ising chain
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Zero-temperature phase diagram

H = − ∑
j

(σz
j σz

j+1 + gσx
j + hσz

j )

0
−1 +1 quantum 

fluctuations (g)

symmetry-breaking 
field (h)

CQT CQTFO QT



Emergent scaling variables

Near a transition, observables depend on dimensionless ratios of competing scales

κ =
Eλ(L)
Δ0(L)

τT =
T

Δ0(L)

energy variation associated with λQ

H(λ) = H0 + λQ

lowest energy gap

temperature ( )kB = 1

O(L, λ, T ) ≈ L−yo 𝒪(κ, τT)

scaling variables
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M. Campostrini, A. Pelissetto, E. Vicari, Phys. Rev. B 89, 094516 (2014)

M. Campostrini, J. Nespolo, A. Pelissetto, E. Vicari, Phys. Rev. Lett. 113, 070402 (2014)



Finite-size scaling @ CQT
mz ≈ L−ymℳ(κ)
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At a CQT, critical exponents can be viewed as scaling dimensions 
associated with operators and perturbations. 

κ = (g − gc) Lyg
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Finite-size scaling @ FOQT

At a FOQT, there are no diverging correlation lengths. 
Scaling arises by the competition between two quasi-degenerate ground states.

mz ≈ m0 ℳ(κ)
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Turning to out-of-equilibrium conditions
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Isolated quantum dynamics

Quantum quench:

H[λ(t)] = H0 + λ(t) P

λ(t) = {
λi for  t < 0
λf for  t > 0

Dipartimento di Fisica “E. Fermi”

T. Kinoshita, W. Trevor, D.S. Weiss,

Nature 440, 900 (2006)

|Ψ(t)⟩ = e−i H[λf ] t |Ψgs(λi)⟩



Isolated quantum dynamics

Quantum quench:

H[λ(t)] = H0 + λ(t) P

λ(t) = {
λi for  t < 0
λf for  t > 0

A new scaling variable enters:


θ = Δ0(L) t
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T. Kinoshita, W. Trevor, D.S. Weiss,

Nature 440, 900 (2006)

|Ψ(t)⟩ = e−i H[λf ] t |Ψgs(λi)⟩

D. Rossini, E. Vicari, Phys. Rep. 936, 1 (2021)



Scaling after a quench @ CQT

H = − ∑
j

(σz
j σz

j+1 + σx
j ) − h(t)∑

j

σz
j

soft 
quench

κi = hi Lyλ

κf = hf Lyλ
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Scaling after a quench @ CQT

H = − ∑
j

(σz
j σz

j+1 + σx
j ) − h(t)∑

j

σz
j

θ = L−z t

soft 
quench

mz(t) ≈ L−ym ℳ[θ; κi, κf ]

ANDREA PELISSETTO, DAVIDE ROSSINI, AND ETTORE VICARI PHYSICAL REVIEW E 97, 052148 (2018)

34 35 36 37 38 39θ
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

L1/
8
M

L = 5
L = 9
L = 13
L = 17

0 10 20 30 40 50θ
-0.8
-0.4

0
0.4

L1/
8
M (a)

(b)

FIG. 1. Rescaled magnetization for the quantum critical Ising ring
vs the rescaled time θ , for κ = 1, δλ = −2, and several values of L.
Panel (b) shows a magnification of panel (a), for 34 ! θ ! 39 (red
box). The horizontal dot-dashed line indicates the infinite-size limit
value of the static magnetization at κ0. Notice a clear trend towards
an asymptotic oscillatory function with increasing L, thus confirming
DFSS.

As a consequence, the DFSS behavior of its spatial average
should be

M(t,L,λ0,λ) ≈ L−β/νMa(θ,κ,δλ). (28)

Finally, we point out that the above DFSS arguments apply
also to the case in which the quench protocol is associated
with a transverse magnetic field, i.e., with the perturbation
Pt =

∑L
x=1 σ (1)

x . In this case, the RG dimension of the per-
turbation is simply yλ = 1/ν = 1. For a transverse field the
magnetization vanishes by symmetry, but one may consider the
two-point function and the corresponding correlation length.
We mention that some results for quantum quenches involving
the transverse field in the infinite-size limit are reported in
Refs. [26–28]. More general quantum quenches in the infinite-
volume limit are also discussed in Ref. [29].

C. Numerical results

In order to validate the DFSS predictions outlined above,
we now present the results of numerical simulations of the
dynamics of the Ising ring with Hamiltonian (19), after a
sudden quench in λ. For our purposes, it has been sufficient
to consider systems of moderate sizes (up to L ≈ 23 sites). An
exact diagonalization approach has been used for systems with
L ! 13, while Lanczos diagonalization followed by a fourth-
order Suzuki-Trotter decomposition of the unitary-evolution
operator, with time step dt = 10−2, was employed for larger
sizes (14 ! L ! 23).

We start from the analysis of the magnetization defined
in Eq. (20). The numerical data of Fig. 1, corresponding to
fixed values of κ = 1 and δλ = −2, show that the product
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FIG. 2. Same plot as in Fig. 1, but for three different values of
κ: 1 (a), 3 (b), and 7 (c). In all cases the convergence to a scaling
behavior, in the large-L limit, is clearly visible. Data in panel (a) are
for the same parameters as in Fig. 1, but on a different time scale.

L1/8M , as a function of the rescaled time θ , clearly approaches
an asymptotic function with increasing L. This confirms
the DFSS prediction (23). Convergence seems to be notably
fast with L. An oscillatory behavior, with the emergence of
wiggles in proximity of the peaks, clearly appears already
for a moderately large size. However, when zooming in the
figure, a rather complicated pattern emerges, signaling that the
dynamics cannot be trivially obtained by using an effective
few-level description of the system. As we shall see later,
it is, however, possible to extrapolate an asymptotic scaling
behavior at any value of θ , which takes into account all these
features.

Notice also that the pseudosinusoidal trend persists at
long times, without appreciable damping in the oscillation
amplitude. Indeed, we checked that the magnetization comes
back periodically in time to a value that is very close (although
not equal) to the initial value, the extrapolated infinite-size
limit of which is plotted as an horizontal line in the figure.
The absence of a stationary large-θ limit reflects the lack of
thermalization, which is expected for this kind of quench in
the longitudinal field of the otherwise integrable Ising ring.

In Fig. 2 we change the value of κ , keeping δλ = −2.
Similar patterns emerge, all of them exhibiting convergence to
an asymptotic function, thus agreeing with the DFSS prediction
(23). It is tempting to compare the emerging temporal features
with those observed in Fig. 1: for example, atκ = 3, we observe
a less regular pattern, with a (pseudo-) periodicity which differs
from the previous case. For κ = 7 a more regular trend seems to
reappear, although with a much smaller period. This behavior
with κ has to be ascribed to the degree of commensurability
of the injected energy with the spectrum of the system. Notice

052148-4
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A. Pelissetto, D. Rossini, E. Vicari, Phys. Rev. E 97, 032148 (2018)
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Scaling after a quench @ FOQT

H = − ∑
j

(σz
j σz

j+1 + gσx
j ) − h(t)∑

j

σz
j

soft 
quench

κi = hi L/e−aL

κf = hf L/e−aL
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Scaling after a quench @ FOQT

H = − ∑
j

(σz
j σz

j+1 + gσx
j ) − h(t)∑

j

σz
j

mz(t) ≈ m0 ℳ[θ; κi, κf ]

θ = e−aL t

soft 
quench

κi = hi L/e−aL

κf = hf L/e−aL

DYNAMIC FINITE-SIZE SCALING AFTER A QUENCH AT … PHYSICAL REVIEW E 97, 052148 (2018)

The previous scaling relations can be straightforwardly
extended to any FOQT, by identifying the scaling variable
κ(λ) as the ratio λEp(L)/#(L), where Ep(L) is the energy
associated with the perturbation P and #(L) is the energy
difference between the two lowest states at the transition point.
The second scaling variable θ is always defined as in Eq. (35).

In the case of the quantum Ising ring, some scaling functions
can be exactly computed, exploiting a two-level truncation of
the spectrum [25,36]. As shown in Ref. [25], in the long-time
limit and for large systems, the scaling properties in a small
interval around λ = 0 (more precisely, for m0|λ| ! #2) are
captured by a two-level truncation, which only takes into
account the two nearly degenerate lowest-energy states. The
effective evolution is determined by the Schrödinger equation
[25]

i
d

dt
%(t) = H2(λ)%(t), (37)

where %(t) is a two-component wave function, the components
of which correspond to the states |+〉 and |−〉, and

H2(λ) = −β σ (3) + δ σ (1) . (38)

Here β = m0λLb and δ = #/2, such that κ(λ) = 2β/# and
θ = 2tδ. The initial condition is given by the ground state of
H2(λ0), i.e., by

%(t = 0) = sin(α0/2) |−〉 + cos(α0/2) |+〉, (39)

with tan α0 = κ−1
0 . The quantum evolution can be easily

obtained by diagonalizing H2(λ), obtaining the eigenstates

|0〉 = sin(α/2) |−〉 + cos(α/2) |+〉, (40)

|1〉 = cos(α/2)|−〉 − sin(α/2) |+〉, (41)

where tan α = κ−1, and the eigenvalue difference

#κ ≡ E1 − E0 = #
√

1 + κ2. (42)

Then, apart from an irrelevant phase, the time-dependent state
evolves as

|%(t)〉 = cos
(

α0 − α

2

)
|0〉 + e−i#κ t sin

(
α0 − α

2

)
|1〉.

(43)

The magnetization is obtained by computing the expectation
value 〈%(t)|σ (3)|%(t)〉. It gives for the dynamic scaling func-
tion defined in Eq. (36)

Mf o(θ,κ0,κ) = cos(α − α0) cos α

+ cos(θ
√

1 + κ2) sin(α − α0) sin α . (44)

The approach to the asymptotic result is expected to be
exponential in the size of the system.

Figure 7(a) shows the behavior of the function
Mf o(θ,κ0,κ), for fixed κ0 and κ and varying θ , which dis-
plays the characteristic Rabi oscillations naturally emerging
in the dynamics of a two-level system. Prediction (44) is also
compared with the estimates of the magnetization obtained
in numerical simulations. Numerical data are very close to

FIG. 7. (a) Plot of the ratio M/m0 for various system sizes
(color dashed curves) and of the corresponding scaling function
Mf o(θ,κ0,κ), reported in Eq. (44) (black dashed curve), as functions
of the rescaled time θ , for fixed κ0 = −1.3, κ = 0.6. Results are for
the Ising ring at g = 0.9. (b) Difference between the numerically
computed M/m0 and the function Mf o, as a function of L at fixed
θ = 5. The straight line corresponds to an exponential fit of the data.

Mf o already for small chain lengths, even if data are obtained
at g = 0.9, thus relatively close to the CQT. More precisely,
as shown in panel (b), scaling corrections to the two-level
scaling prediction are exponentially suppressed with L. The
nice agreement confirms that, in the DFSS limit, the dynamics
can be faithfully approximated by truncating the Hilbert space
to the two lowest-energy states. If λ and λ0 have opposite sign
(a condition that is not necessary to observe DFSS), the two
states essentially correspond to the ground states of the initial
and the final Hamiltonian H (λ0) and H (λ), respectively.

Finally we report the average work (10), computed within
the two-level approximation:

L ≡ 〈W 〉 = −#

2
δλ

κ2
0√

1 + κ2
0

. (45)

See also Ref. [37] for related calculations within the two-level
model.

V. SUMMARY AND CONCLUSIONS

We have considered the dynamics of a quantum system
subject to a sudden change of a Hamiltonian parameter. Close
to a quantum transition, a DFSS behavior emerges from the
interplay of the parameters involved in the quench protocol
and the size of the system. In particular, we have considered a
generic Hamiltonian H (λ) = Hc + λP , with [Hc,P ] &= 0, and
focused on a sudden change of the parameter λ assuming that
the pre- and postquench Hamiltonians remain in the critical
regime of a quantum transition. The DFSS limit is defined
as the large-size and large-time limit, keeping appropriate
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May scaling survive in open quantum systems?
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·ρ = − i[H, ρ] + u∑
μ

𝒟[Lμ] ρ



May scaling survive in open quantum systems?

·ρ = − i[H, ρ] + u∑
μ

𝒟[Lμ] ρ

Dissipation induces a new relevant time scale


An additional scaling variable enters:


γ = u/Δ0(L)

Dipartimento di Fisica “E. Fermi”

D. Rossini, E. Vicari, Phys. Rep. 936, 1 (2021)



Scaling with dissipation @ CQT

H = − ∑
j

(σz
j σz

j+1 + σx
j ) − h(t)∑

j

σz
j
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DI MEGLIO, ROSSINI, AND VICARI PHYSICAL REVIEW B 102, 224302 (2020)

FIG. 1. The quantum spin-chain model discussed in this work.
Neighboring spins are coupled through a coherent Hamiltonian Ĥ
(bidirectional blue arrows). Each spin is also homogeneously and
weakly coupled to some external bath B via a set of dissipators D
(vertical red arrows), whose effect is to induce incoherent dissipation.
The environment is modeled either as a sequence of local indepen-
dent baths, each for any spin of the chain (top drawing), or as a single
common bath to which each spin is supposed to be uniformly coupled
(bottom drawing).

and controlling such systems can be probably faced with
up-to-date methods. Here the out-of-equilibrium quantum
dynamics associated with the above-mentioned protocol is
numerically monitored by considering standard observables,
such as the longitudinal magnetization, as well as the average
work and heat characterizing the quantum thermodynamic
properties of the out-of-equilibrium phenomenon.

The paper is organized as follows. In Sec. II we introduce
the one-dimensional quantum Ising chain, the modelization of
the dissipative interactions through a master Lindblad equa-
tion, and the out-of-equilibrium protocol discussed hereafter.
Section III presents a summary of the main features of the
dynamic scaling theory for closed systems and their extension
to allow for dissipative interactions; in particular we address
the behavior expected at FOQTs. In Sec. IV we numerically
study the dynamics of quantum Ising chains arising from the
above-mentioned protocol, up to the size of order L = 10,
along the FOQTs and at the CQT, showing that the results
support the general dynamic scaling theory. Finally in Sec. V
we summarize and draw our conclusions. In Appendix A we
solve the analogous problem for a single quantum spin. In
Appendix B we address some related questions for the out-of-
equilibrium behavior of the Kitaev fermionic wire (related to
the quantum Ising chain by a Jordan-Wigner mapping) in the
presence of local dissipation due to particle pumping or decay,
at its CQT; these include exact analytic results for the quantum
work and the heat interchange during its time evolution.

II. THE OUT-OF-EQUILIBRIUM PROTOCOL

The Hamiltonian of the one-dimensional ferromagnetic
quantum Ising model reads:

Ĥ (g, h) = −J
L∑

x=1

[
σ̂ (1)

x σ̂ (1)
x+1 + g σ̂ (3)

x + h σ̂ (1)
x

]
, (1)

where σ̂ (k)
x are spin-1/2 Pauli matrices associated with the xth

site of the chain, J > 0 sets the energy scale, and we assume
a transverse field with strength g ! 0. We also consider spin
systems of size L with periodic boundary conditions.

It is well known that, at g = gc = 1 and h = 0, the model
undergoes a CQT separating a disordered phase (g > 1)
from an ordered (g < 1) one [5]. The corresponding quan-
tum critical behavior belongs to the two-dimensional Ising
universality class, characterized by a diverging length scale
(ξ ∼ |g − gc|−ν , with ν = 1) and the power-law suppression
of the gap $ between the two lowest energy levels (as
$ ∼ ξ−z with z = 1, or as $ ∼ L−z in finite-size systems at
the critical point).

The FOQT line, located at g < gc = 1, is related to the
level crossing of the two lowest states |↑〉 and |↓〉 for h = 0,
such that 〈↑ |σ̂ (1)

x |↑〉 = m0 and 〈↓ |σ̂ (1)
x |↓〉 = −m0 (indepen-

dently of x), with m0 > 0. The degeneracy of these states is
lifted by the longitudinal field, with strength h. Therefore,
h = 0 is a FOQT point, where the ground-state longitudinal
magnetization

M = 〈%̂(1)〉 , %̂(1) ≡ 1
L

∑

x

σ̂ (1)
x , (2)

becomes discontinuous in the infinite-volume limit. The tran-
sition separates two different phases characterized by opposite
values of the magnetization m0, i.e., [24]

lim
h→0±

lim
L→∞

M = ±m0 , m0 = (1 − g2)1/8 . (3)

In a finite system of size L with either periodic or open
boundary conditions (which do not favor any of the two mag-
netized phases separated by the FOQT), the lowest states are
superpositions of the two magnetized states |↑〉 and |↓〉. Due
to tunneling effects, the energy gap at h = 0 vanishes expo-
nentially as L increases [11,25], as $L ∼ e−cLd

. In particular,
for the one-dimensional case of the model (1), the gap at
h = 0 behaves as [24,26] $L ≈ 2 (1 − g2)gL for open bound-
ary conditions and

$L ≈ 2

√
1 − g2

πL
gL (4)

for periodic boundary conditions. The differences Ei − E0 for
the higher excited states (i > 1) are finite for L → ∞.

We model the dissipative interaction with the environment
by Lindblad master equations for the density matrix of the
system [27,28],

∂ρ

∂t
= − i

h̄
[Ĥ, ρ] + uD[ρ] , (5)

where the first term in the r.h.s. provides the coherent driv-
ing, while the second term accounts for the coupling to the
environment. Its form depends on the nature of the dissipation
arising from the interaction with the bath, which is effectively
described by a set of dissipators D and a global coupling
u > 0. In quantum optical implementations, the conditions
leading to such a framework to study dissipative phenomena
are typically satisfied [29], therefore this formalism consti-
tutes a standard choice for theoretical investigations of such
kind of systems.
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Scaling with dissipation @ CQT

H = − ∑
j

(σz
j σz

j+1 + σx
j ) − h(t)∑

j

σz
j

γ = Lz u

mz(t) ≈ L−ym ℳ[θ; κi, κf , γ]

G. Di Meglio, D. Rossini, E. Vicari, Phys. Rev. B 102, 224302 (2020)
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DISSIPATIVE DYNAMICS AT FIRST-ORDER QUANTUM … PHYSICAL REVIEW B 102, 224302 (2020)

FIG. 5. Behavior of the heat interchanged between the quantum
Ising chain and the environment, per unit of time, as a function
of the variables of the system. Top panel: the function q(t ) with
respect to the rescaled time u t , for different values of the system
size L and of the dissipation strength u (see legend). In the inset
we show the behavior of q(t = 0)/u with L, for various values of u.
The transverse field strength is kept fixed at g = 0.5. Bottom panel:
the function q(t = 0)/(u L) with respect to g, for L = 6 and various
values of u. All the data reported in this figure as for κi = κ = 0,
while the system-bath coupling is taken in the form of local and
uniform Lindblad operators L̂−

x = σ̂−
x .

Coming to the heat interchanged between the system and
the environment, for the sake of convenience here we focus on
its time derivative q(t ) = dQ/dt , defined in Eq. (14). Unlike
for the average work, this quantity does not present any rele-
vant scaling property. In particular, our numerical results for
the dynamics of the quantum Ising chain homogeneously cou-
pled to local incoherent lowering operators, cf. Eq. (6) with
L̂−

x = σ̂−
x , clearly indicate an exponential decay of q(t ) with

time t , as shown in the top panel of Fig. 5. More specifically,
we found the following functional dependence on the various
parameters of the system:

q(t ) = C(g, κi, κ ) u L e−u t . (31)

The coefficient C(g, κi, κ ) depends nearly exponentially on
the transverse field g, although minor quantitative deviations
are present (bottom panel). On the other hand, the dependence
of C on both κi and κ is very weak and tends to vanish for
increasing L (on the scale of the figure, it becomes unappre-
ciable already for L ! 8).

Finally, it is worth emphasizing that the linear dependence
of the rate of exchanged heat q(t ) with the system volume
(q ∝ L, as indicated in the top inset of Fig. 5) hints at the fact
that such quantity is essentially related to a one-body mecha-
nism, and not to a collective behavior of the system. In fact,
the exponential time dependence q(t ) ∼ e−ut is identical to

FIG. 6. Time behavior of the longitudinal magnetization for a
quantum Ising chain at the CQT, in the presence of homogenous
dissipation described by local Lindblad operators L̂−

x . We show the
rescaled magnetization M̃, cf. Eq. (26), versus the rescaled time θ , for
different values of the system size L (see legend). With increasing L
we keep the scaling variables κi = 1, κ = 0 and γ = 0.1 fixed. The
inset displays data at fixed θ = 3 versus 1/L, showing that they are
roughly compatible with a 1/L approach to the asymptotic dynamic
scaling (the dashed red line is drawn to guide the eye), although
further corrections are clearly visible.

the single-spin model behavior, as emerging from the analysis
in Appendix A [see, e.g., Eq. (A22)].

D. Dynamics at the CQT

We now discuss the dynamic scaling behavior at the CQT
(i.e., at g = 1 and |h| $ 1), focusing on the longitudinal
magnetization [see Eq. (27)]. Figure 6 reports the rescaled
quantity M̃ versus the rescaled time θ = tL−z, for various
systems sizes, up to L = 10. The curves with increasing L are
obtained keeping the scaling variables κi ∼ hiLyh , κ ∼ hLyh ,
and γ ∼ uLz (with yh = 15/8 and z = 1) fixed. The displayed
data are for κi = 1, κ = 0, γ = 0.1, but analogous qualitative
conclusions can be drawn by changing the specific values of
such rescaled quantities. Our results substantially support the
dynamic scaling behavior conjectured in Eq. (27), in partic-
ular for sufficiently small values of θ . The approach to the
asymptotic behavior is again compatible with 1/L correc-
tions, as expected (see the inset, where numerical data for
the rescaled magnetization at fixed θ = 3 are plotted against
the inverse system size, and the dashed red line denotes a
1/L fit of such data at large L). We point out that analogous
dynamic scaling behaviors have been reported for the Kitaev
fermionic wire (see Appendix B), where much larger sizes can
be reached, allowing us to achieve a definitely more robust
check of the dynamic scaling behavior at a CQT [8,9].

Again the quantum thermodynamics arising from the dy-
namic protocol is characterized by an initial work at t = 0,
due to the quench of the Hamiltonian parameter. Its scaling be-
havior was already discussed in Ref. [35] for closed systems.
As demonstrated there, the average work shows the scaling
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FIG. 1. The quantum spin-chain model discussed in this work.
Neighboring spins are coupled through a coherent Hamiltonian Ĥ
(bidirectional blue arrows). Each spin is also homogeneously and
weakly coupled to some external bath B via a set of dissipators D
(vertical red arrows), whose effect is to induce incoherent dissipation.
The environment is modeled either as a sequence of local indepen-
dent baths, each for any spin of the chain (top drawing), or as a single
common bath to which each spin is supposed to be uniformly coupled
(bottom drawing).

and controlling such systems can be probably faced with
up-to-date methods. Here the out-of-equilibrium quantum
dynamics associated with the above-mentioned protocol is
numerically monitored by considering standard observables,
such as the longitudinal magnetization, as well as the average
work and heat characterizing the quantum thermodynamic
properties of the out-of-equilibrium phenomenon.

The paper is organized as follows. In Sec. II we introduce
the one-dimensional quantum Ising chain, the modelization of
the dissipative interactions through a master Lindblad equa-
tion, and the out-of-equilibrium protocol discussed hereafter.
Section III presents a summary of the main features of the
dynamic scaling theory for closed systems and their extension
to allow for dissipative interactions; in particular we address
the behavior expected at FOQTs. In Sec. IV we numerically
study the dynamics of quantum Ising chains arising from the
above-mentioned protocol, up to the size of order L = 10,
along the FOQTs and at the CQT, showing that the results
support the general dynamic scaling theory. Finally in Sec. V
we summarize and draw our conclusions. In Appendix A we
solve the analogous problem for a single quantum spin. In
Appendix B we address some related questions for the out-of-
equilibrium behavior of the Kitaev fermionic wire (related to
the quantum Ising chain by a Jordan-Wigner mapping) in the
presence of local dissipation due to particle pumping or decay,
at its CQT; these include exact analytic results for the quantum
work and the heat interchange during its time evolution.

II. THE OUT-OF-EQUILIBRIUM PROTOCOL

The Hamiltonian of the one-dimensional ferromagnetic
quantum Ising model reads:

Ĥ (g, h) = −J
L∑

x=1

[
σ̂ (1)

x σ̂ (1)
x+1 + g σ̂ (3)

x + h σ̂ (1)
x

]
, (1)

where σ̂ (k)
x are spin-1/2 Pauli matrices associated with the xth

site of the chain, J > 0 sets the energy scale, and we assume
a transverse field with strength g ! 0. We also consider spin
systems of size L with periodic boundary conditions.

It is well known that, at g = gc = 1 and h = 0, the model
undergoes a CQT separating a disordered phase (g > 1)
from an ordered (g < 1) one [5]. The corresponding quan-
tum critical behavior belongs to the two-dimensional Ising
universality class, characterized by a diverging length scale
(ξ ∼ |g − gc|−ν , with ν = 1) and the power-law suppression
of the gap $ between the two lowest energy levels (as
$ ∼ ξ−z with z = 1, or as $ ∼ L−z in finite-size systems at
the critical point).

The FOQT line, located at g < gc = 1, is related to the
level crossing of the two lowest states |↑〉 and |↓〉 for h = 0,
such that 〈↑ |σ̂ (1)

x |↑〉 = m0 and 〈↓ |σ̂ (1)
x |↓〉 = −m0 (indepen-

dently of x), with m0 > 0. The degeneracy of these states is
lifted by the longitudinal field, with strength h. Therefore,
h = 0 is a FOQT point, where the ground-state longitudinal
magnetization

M = 〈%̂(1)〉 , %̂(1) ≡ 1
L

∑

x

σ̂ (1)
x , (2)

becomes discontinuous in the infinite-volume limit. The tran-
sition separates two different phases characterized by opposite
values of the magnetization m0, i.e., [24]

lim
h→0±

lim
L→∞

M = ±m0 , m0 = (1 − g2)1/8 . (3)

In a finite system of size L with either periodic or open
boundary conditions (which do not favor any of the two mag-
netized phases separated by the FOQT), the lowest states are
superpositions of the two magnetized states |↑〉 and |↓〉. Due
to tunneling effects, the energy gap at h = 0 vanishes expo-
nentially as L increases [11,25], as $L ∼ e−cLd

. In particular,
for the one-dimensional case of the model (1), the gap at
h = 0 behaves as [24,26] $L ≈ 2 (1 − g2)gL for open bound-
ary conditions and

$L ≈ 2

√
1 − g2

πL
gL (4)

for periodic boundary conditions. The differences Ei − E0 for
the higher excited states (i > 1) are finite for L → ∞.

We model the dissipative interaction with the environment
by Lindblad master equations for the density matrix of the
system [27,28],

∂ρ

∂t
= − i

h̄
[Ĥ, ρ] + uD[ρ] , (5)

where the first term in the r.h.s. provides the coherent driv-
ing, while the second term accounts for the coupling to the
environment. Its form depends on the nature of the dissipation
arising from the interaction with the bath, which is effectively
described by a set of dissipators D and a global coupling
u > 0. In quantum optical implementations, the conditions
leading to such a framework to study dissipative phenomena
are typically satisfied [29], therefore this formalism consti-
tutes a standard choice for theoretical investigations of such
kind of systems.
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FIG. 1. The quantum spin-chain model discussed in this work.
Neighboring spins are coupled through a coherent Hamiltonian Ĥ
(bidirectional blue arrows). Each spin is also homogeneously and
weakly coupled to some external bath B via a set of dissipators D
(vertical red arrows), whose effect is to induce incoherent dissipation.
The environment is modeled either as a sequence of local indepen-
dent baths, each for any spin of the chain (top drawing), or as a single
common bath to which each spin is supposed to be uniformly coupled
(bottom drawing).

and controlling such systems can be probably faced with
up-to-date methods. Here the out-of-equilibrium quantum
dynamics associated with the above-mentioned protocol is
numerically monitored by considering standard observables,
such as the longitudinal magnetization, as well as the average
work and heat characterizing the quantum thermodynamic
properties of the out-of-equilibrium phenomenon.

The paper is organized as follows. In Sec. II we introduce
the one-dimensional quantum Ising chain, the modelization of
the dissipative interactions through a master Lindblad equa-
tion, and the out-of-equilibrium protocol discussed hereafter.
Section III presents a summary of the main features of the
dynamic scaling theory for closed systems and their extension
to allow for dissipative interactions; in particular we address
the behavior expected at FOQTs. In Sec. IV we numerically
study the dynamics of quantum Ising chains arising from the
above-mentioned protocol, up to the size of order L = 10,
along the FOQTs and at the CQT, showing that the results
support the general dynamic scaling theory. Finally in Sec. V
we summarize and draw our conclusions. In Appendix A we
solve the analogous problem for a single quantum spin. In
Appendix B we address some related questions for the out-of-
equilibrium behavior of the Kitaev fermionic wire (related to
the quantum Ising chain by a Jordan-Wigner mapping) in the
presence of local dissipation due to particle pumping or decay,
at its CQT; these include exact analytic results for the quantum
work and the heat interchange during its time evolution.

II. THE OUT-OF-EQUILIBRIUM PROTOCOL

The Hamiltonian of the one-dimensional ferromagnetic
quantum Ising model reads:

Ĥ (g, h) = −J
L∑

x=1

[
σ̂ (1)

x σ̂ (1)
x+1 + g σ̂ (3)

x + h σ̂ (1)
x

]
, (1)

where σ̂ (k)
x are spin-1/2 Pauli matrices associated with the xth

site of the chain, J > 0 sets the energy scale, and we assume
a transverse field with strength g ! 0. We also consider spin
systems of size L with periodic boundary conditions.

It is well known that, at g = gc = 1 and h = 0, the model
undergoes a CQT separating a disordered phase (g > 1)
from an ordered (g < 1) one [5]. The corresponding quan-
tum critical behavior belongs to the two-dimensional Ising
universality class, characterized by a diverging length scale
(ξ ∼ |g − gc|−ν , with ν = 1) and the power-law suppression
of the gap $ between the two lowest energy levels (as
$ ∼ ξ−z with z = 1, or as $ ∼ L−z in finite-size systems at
the critical point).

The FOQT line, located at g < gc = 1, is related to the
level crossing of the two lowest states |↑〉 and |↓〉 for h = 0,
such that 〈↑ |σ̂ (1)

x |↑〉 = m0 and 〈↓ |σ̂ (1)
x |↓〉 = −m0 (indepen-

dently of x), with m0 > 0. The degeneracy of these states is
lifted by the longitudinal field, with strength h. Therefore,
h = 0 is a FOQT point, where the ground-state longitudinal
magnetization

M = 〈%̂(1)〉 , %̂(1) ≡ 1
L

∑

x

σ̂ (1)
x , (2)

becomes discontinuous in the infinite-volume limit. The tran-
sition separates two different phases characterized by opposite
values of the magnetization m0, i.e., [24]

lim
h→0±

lim
L→∞

M = ±m0 , m0 = (1 − g2)1/8 . (3)

In a finite system of size L with either periodic or open
boundary conditions (which do not favor any of the two mag-
netized phases separated by the FOQT), the lowest states are
superpositions of the two magnetized states |↑〉 and |↓〉. Due
to tunneling effects, the energy gap at h = 0 vanishes expo-
nentially as L increases [11,25], as $L ∼ e−cLd

. In particular,
for the one-dimensional case of the model (1), the gap at
h = 0 behaves as [24,26] $L ≈ 2 (1 − g2)gL for open bound-
ary conditions and

$L ≈ 2

√
1 − g2

πL
gL (4)

for periodic boundary conditions. The differences Ei − E0 for
the higher excited states (i > 1) are finite for L → ∞.

We model the dissipative interaction with the environment
by Lindblad master equations for the density matrix of the
system [27,28],

∂ρ

∂t
= − i

h̄
[Ĥ, ρ] + uD[ρ] , (5)

where the first term in the r.h.s. provides the coherent driv-
ing, while the second term accounts for the coupling to the
environment. Its form depends on the nature of the dissipation
arising from the interaction with the bath, which is effectively
described by a set of dissipators D and a global coupling
u > 0. In quantum optical implementations, the conditions
leading to such a framework to study dissipative phenomena
are typically satisfied [29], therefore this formalism consti-
tutes a standard choice for theoretical investigations of such
kind of systems.
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FIG. 1. The quantum spin-chain model discussed in this work.
Neighboring spins are coupled through a coherent Hamiltonian Ĥ
(bidirectional blue arrows). Each spin is also homogeneously and
weakly coupled to some external bath B via a set of dissipators D
(vertical red arrows), whose effect is to induce incoherent dissipation.
The environment is modeled either as a sequence of local indepen-
dent baths, each for any spin of the chain (top drawing), or as a single
common bath to which each spin is supposed to be uniformly coupled
(bottom drawing).

and controlling such systems can be probably faced with
up-to-date methods. Here the out-of-equilibrium quantum
dynamics associated with the above-mentioned protocol is
numerically monitored by considering standard observables,
such as the longitudinal magnetization, as well as the average
work and heat characterizing the quantum thermodynamic
properties of the out-of-equilibrium phenomenon.

The paper is organized as follows. In Sec. II we introduce
the one-dimensional quantum Ising chain, the modelization of
the dissipative interactions through a master Lindblad equa-
tion, and the out-of-equilibrium protocol discussed hereafter.
Section III presents a summary of the main features of the
dynamic scaling theory for closed systems and their extension
to allow for dissipative interactions; in particular we address
the behavior expected at FOQTs. In Sec. IV we numerically
study the dynamics of quantum Ising chains arising from the
above-mentioned protocol, up to the size of order L = 10,
along the FOQTs and at the CQT, showing that the results
support the general dynamic scaling theory. Finally in Sec. V
we summarize and draw our conclusions. In Appendix A we
solve the analogous problem for a single quantum spin. In
Appendix B we address some related questions for the out-of-
equilibrium behavior of the Kitaev fermionic wire (related to
the quantum Ising chain by a Jordan-Wigner mapping) in the
presence of local dissipation due to particle pumping or decay,
at its CQT; these include exact analytic results for the quantum
work and the heat interchange during its time evolution.

II. THE OUT-OF-EQUILIBRIUM PROTOCOL

The Hamiltonian of the one-dimensional ferromagnetic
quantum Ising model reads:

Ĥ (g, h) = −J
L∑

x=1

[
σ̂ (1)

x σ̂ (1)
x+1 + g σ̂ (3)

x + h σ̂ (1)
x

]
, (1)

where σ̂ (k)
x are spin-1/2 Pauli matrices associated with the xth

site of the chain, J > 0 sets the energy scale, and we assume
a transverse field with strength g ! 0. We also consider spin
systems of size L with periodic boundary conditions.

It is well known that, at g = gc = 1 and h = 0, the model
undergoes a CQT separating a disordered phase (g > 1)
from an ordered (g < 1) one [5]. The corresponding quan-
tum critical behavior belongs to the two-dimensional Ising
universality class, characterized by a diverging length scale
(ξ ∼ |g − gc|−ν , with ν = 1) and the power-law suppression
of the gap $ between the two lowest energy levels (as
$ ∼ ξ−z with z = 1, or as $ ∼ L−z in finite-size systems at
the critical point).

The FOQT line, located at g < gc = 1, is related to the
level crossing of the two lowest states |↑〉 and |↓〉 for h = 0,
such that 〈↑ |σ̂ (1)

x |↑〉 = m0 and 〈↓ |σ̂ (1)
x |↓〉 = −m0 (indepen-

dently of x), with m0 > 0. The degeneracy of these states is
lifted by the longitudinal field, with strength h. Therefore,
h = 0 is a FOQT point, where the ground-state longitudinal
magnetization

M = 〈%̂(1)〉 , %̂(1) ≡ 1
L

∑

x

σ̂ (1)
x , (2)

becomes discontinuous in the infinite-volume limit. The tran-
sition separates two different phases characterized by opposite
values of the magnetization m0, i.e., [24]

lim
h→0±

lim
L→∞

M = ±m0 , m0 = (1 − g2)1/8 . (3)

In a finite system of size L with either periodic or open
boundary conditions (which do not favor any of the two mag-
netized phases separated by the FOQT), the lowest states are
superpositions of the two magnetized states |↑〉 and |↓〉. Due
to tunneling effects, the energy gap at h = 0 vanishes expo-
nentially as L increases [11,25], as $L ∼ e−cLd

. In particular,
for the one-dimensional case of the model (1), the gap at
h = 0 behaves as [24,26] $L ≈ 2 (1 − g2)gL for open bound-
ary conditions and

$L ≈ 2

√
1 − g2

πL
gL (4)

for periodic boundary conditions. The differences Ei − E0 for
the higher excited states (i > 1) are finite for L → ∞.

We model the dissipative interaction with the environment
by Lindblad master equations for the density matrix of the
system [27,28],

∂ρ

∂t
= − i

h̄
[Ĥ, ρ] + uD[ρ] , (5)

where the first term in the r.h.s. provides the coherent driv-
ing, while the second term accounts for the coupling to the
environment. Its form depends on the nature of the dissipation
arising from the interaction with the bath, which is effectively
described by a set of dissipators D and a global coupling
u > 0. In quantum optical implementations, the conditions
leading to such a framework to study dissipative phenomena
are typically satisfied [29], therefore this formalism consti-
tutes a standard choice for theoretical investigations of such
kind of systems.
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FIG. 2. Time behavior of the longitudinal magnetization for a
quantum Ising ring close to the FOQT, with g = 0.5, in the presence
of homogenous dissipation described by local Lindblad operators L̂−

x .
We show the rescaled quantity M̃ in Eq. (26) versus the rescaled time
θ , for different values of the system size L (see legend). With increas-
ing L, we keep the scaling variables κi = 1 and γ = 0.1 fixed. The
upper panel is for κi = κ (i.e., without the quench of the Hamiltonian
parameter h), while the lower panel is for κ = 0. In the inset we show
the energy gap $L as a function of L: Black circles are the results
obtained from the numerics, while the dashed red line denotes the
estimate in Eq. (4).

example in this respect is the Kitaev chain with one-body
Lindblad operators, whose corresponding Liouvillian oper-
ator is quadratic in the fermionic creation and annihilation
operators (see, e.g., Ref. [8]). Unfortunately this is not the
case for a dissipative Ising spin chain, in which the Jordan-
Wigner mapping of Lindblad operators as those in (7) and
(9) produces a nonlocal string operator forbidding an analytic
treatment. Therefore, in this work we resort to a brute-force
numerical integration of Eq. (5) through a fourth-order Runge-
Kutta method, with a time step dt = 10−2, sufficiently small
to ensure convergence for all our purposes.

A. Dynamics along the FOQT line

In the following, we numerically challenge the dynamic
scaling behavior put forward in Sec. III at the FOQTs. We
provide results for quantum Ising chains with g = 0.5, up
to lattice sizes L = O(10). Computations for other values of
g < 1 produce analogous results and are not explicitly shown
here. Let us recall that our dynamic protocol starts from
the ground state of the Hamiltonian (1) with longitudinal-
field parameter hi; then the system evolves according to the
Lindblad master equation (5), with Hamiltonian parameter h
(in principle different from hi) and dissipative strength u.

Figure 2 displays the time evolution of the longitudinal
magnetization (10), in particular the rescaled one defined in
Eq. (26), for some selected values of dynamic scaling vari-
ables. The system-bath coupling has been modeled through
local dissipative mechanisms as in the top drawing of Fig. 1,
where the Lindblad operator associated to each site induces
incoherent lowering of the corresponding spin (L̂−

x = σ̂−
x ).

The scaling behavior (27) is checked by varying the Hamil-
tonian and the dissipation parameters of the protocol with
increasing size L, so that the scaling variables κ , κi, and γ
[as defined in Eqs. (20), (23), and (24)] are kept fixed. For
the gap $L, entering the definition of the scaling variables
θ = $Lt and γ = u/$L, we do not use its asymptotic behav-
ior (4), but the actual energy difference of the lowest levels
of the quantum Ising ring at h = 0, with L spins (it passes
from $L ≈ 3.55×10−2 for L = 4, to $L ≈ 3.21×10−4 for
L = 10, as visible from the inset in the lower panel). In both
cases considered in Fig. 2, namely for κi = κ (top panel, with-
out quenching the Hamiltonian) and for κi $= κ (bottom panel,
in the presence of a Hamiltonian quench), the longitudinal
magnetization appears to asymptotically vanish in the large-
time limit, although with different qualitative trends. Actually
this turns out to be a general feature for any nonzero value
of the dissipation variable γ . Analogous results are obtained
using Lindblad operators inducing incoherent raising of the
corresponding spin (L̂+

x = σ̂+
x ).

Although limited to small system sizes, L ! 10, our nu-
merical results substantially support the dynamic scaling
behavior conjectured in Eq. (27), especially for sufficiently
small values of θ . Most likely, the large-L convergence is
not uniform and tends to be slower with increasing θ . In
particular, the results reported in the lower panel of Fig. 2
(when the dynamics arises both from a quench of the Hamilto-
nian parameter and from the presence of dissipation) display
oscillations whose zeros nicely scale with the time scaling
variable θ , even for quite large θ . On the other hand, the values
at the maxima and minima undergo larger corrections, likely
requiring larger lattice sizes to clearly observe the asymp-
totic scaling behavior. The apparent asymptotic convergence
to the conjectured dynamic scaling is also suggested by the
various plots in Fig. 3, showing data at fixed θ = 1, for various
values of κ and γ (panels on the left correspond to the two
situations in Fig. 2, while panels on the right are for the
analogous cases with a larger dissipation strength γ = 0.5).
The approach to the large-L limit is generally compatible with
1/L corrections, as hinted by the dashed red lines, denoting
1/L fits of numerical data extrapolated at the largest available
sizes.

B. Comparison with the single-spin problem

In the absence of dissipation, the dynamic scaling behavior
of a quantum Ising chain along the FOQT turns out to be well
described by an effective two-level problem [10,11,35,38],
defined by the single-spin Hamiltonian

Ĥs = a1 σ̂ (1) + a3 σ̂ (3). (29)

Indeed the dynamic scaling functions of the quantum Ising
chain, when the boundary conditions do not favor any phase
separated by the FOQT, match the dynamics of the single-spin
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Does scaling survive here?
D. Rossini and E. Vicari Physics Reports 936 (2021) 1–110

Fig. 30. Sketch of a quantum-measurement protocol: A quantum spin system, initially frozen in its ground state at quantum criticality (t = 0), is
perturbed with local projective measurements (stars) occurring after every time interval tm , with a homogeneous probability p per site. In between
two measurement steps, the system evolves unitarily, according to its Hamiltonian. Red stars denote the occurrence of a measurement on a given
site (for the sake of clarity, in the figure we consider ω̂ (3)-type measures: spins colored in red are projected along the z-axis).
Source: From Ref. [872].

To address the interplay of unitary and projective dynamics in experimentally viable many-body systems at QTs, such
as quantum spin networks, one may consider dynamic problems arising from protocols combining the unitary Hamiltonian
and local measurement drivings (for a cartoon, see Fig. 30). In such conditions, different regimes emerge, depending on
the measurement schemes and their parameters. If every site were measured during each projective step, the system
would be continually reset to a tensor product state. More intriguing scenarios should hold when local measurements are
spatially dilute.

Most of the work done in this context focuses on the investigation of entanglement transitions genuinely driven by
local measurements, either in random circuits [30–33,873–879], in the BH model [880,881], in quantum spin systems
[882–887], or in free-fermionic chains [888–892], and on measurement-induced state preparation [893]. In noninteracting
models, continuous local measurements were shown to largely suppress entanglement. Here we review a substantially
different dynamic problem, related to the effects of local random measurements on the quantum critical dynamics of
many-body systems, i.e., when a QT is driven by the Hamiltonian parameters [872].

Different regimes arise from the interplay between unitary and projective dynamics in critical systems. One of them is
dominated by local random measurements, for example for any finite probability p of making the local measurement. In
contrast, for sufficiently small p values (decreasing as a sufficiently large power of the inverse diverging length scale ε ),
the measurements are irrelevant. These two regimes turn out to be separated by dynamic conditions leading to peculiar
dynamic scaling behaviors, controlled by the universality class of the QT. For a d-dimensional critical system, scaling
arguments lead to the exact power law

p → ε↑(z+d) . (330)

Therefore, local measurements generally suppress quantum correlations, even in the dynamic scaling limit, with scaling
laws that are qualitatively different when being far from criticality. The corresponding time scale at a QT is indeed
expected to behave as

ϑm → ε z
→ p↑ϖ , ϖ =

z
z + d

< 1 , (331)

to be compared with the noncritical case ϑm → p↑1.

15.1. Measurement protocols for quantum Ising models

We discuss quantum lattice spin systems, assuming that only one relevant parameter w of the Hamiltonian Ĥ(w) (with
RG dimension yw > 0) can deviate from the QCP, located at wc = 0. For example, we may consider the paradigmatic
d-dimensional quantum Ising Hamiltonian (6) of size Ld with PBC, at its CQT point driven by the relevant parameters

81
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Fig. 30. Sketch of a quantum-measurement protocol: A quantum spin system, initially frozen in its ground state at quantum criticality (t = 0), is
perturbed with local projective measurements (stars) occurring after every time interval tm , with a homogeneous probability p per site. In between
two measurement steps, the system evolves unitarily, according to its Hamiltonian. Red stars denote the occurrence of a measurement on a given
site (for the sake of clarity, in the figure we consider ω̂ (3)-type measures: spins colored in red are projected along the z-axis).
Source: From Ref. [872].

To address the interplay of unitary and projective dynamics in experimentally viable many-body systems at QTs, such
as quantum spin networks, one may consider dynamic problems arising from protocols combining the unitary Hamiltonian
and local measurement drivings (for a cartoon, see Fig. 30). In such conditions, different regimes emerge, depending on
the measurement schemes and their parameters. If every site were measured during each projective step, the system
would be continually reset to a tensor product state. More intriguing scenarios should hold when local measurements are
spatially dilute.

Most of the work done in this context focuses on the investigation of entanglement transitions genuinely driven by
local measurements, either in random circuits [30–33,873–879], in the BH model [880,881], in quantum spin systems
[882–887], or in free-fermionic chains [888–892], and on measurement-induced state preparation [893]. In noninteracting
models, continuous local measurements were shown to largely suppress entanglement. Here we review a substantially
different dynamic problem, related to the effects of local random measurements on the quantum critical dynamics of
many-body systems, i.e., when a QT is driven by the Hamiltonian parameters [872].

Different regimes arise from the interplay between unitary and projective dynamics in critical systems. One of them is
dominated by local random measurements, for example for any finite probability p of making the local measurement. In
contrast, for sufficiently small p values (decreasing as a sufficiently large power of the inverse diverging length scale ε ),
the measurements are irrelevant. These two regimes turn out to be separated by dynamic conditions leading to peculiar
dynamic scaling behaviors, controlled by the universality class of the QT. For a d-dimensional critical system, scaling
arguments lead to the exact power law

p → ε↑(z+d) . (330)

Therefore, local measurements generally suppress quantum correlations, even in the dynamic scaling limit, with scaling
laws that are qualitatively different when being far from criticality. The corresponding time scale at a QT is indeed
expected to behave as

ϑm → ε z
→ p↑ϖ , ϖ =

z
z + d

< 1 , (331)

to be compared with the noncritical case ϑm → p↑1.

15.1. Measurement protocols for quantum Ising models

We discuss quantum lattice spin systems, assuming that only one relevant parameter w of the Hamiltonian Ĥ(w) (with
RG dimension yw > 0) can deviate from the QCP, located at wc = 0. For example, we may consider the paradigmatic
d-dimensional quantum Ising Hamiltonian (6) of size Ld with PBC, at its CQT point driven by the relevant parameters

81

A quantum spin chain, initially at 
criticality, is perturbed with local 
(onsite) projective measurements.


They occur after every time interval 
, with uniform probability  per 

site.


In between two measurement 
steps, the system evolves unitarily.

tm p

 Scaling variable for the time interval:                        


 Scaling variable for the probability measurements:   

∙ Δ0(L) tm
∙ p Lz+d

D. Rossini, E. Vicari, Phys. Rev. B 102, 035119 (2020)

Does scaling survive here?
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FIG. 7. Same as in Fig. 6, but for the rescaled magnetization
mL1/8 vs the rescaled time t/L. The initial state here is the ground
state of the quantum Ising ring with g = 1 and rescaled longitudinal
field hL15/8 = 1, which has a finite magnetization. The two insets
display the same data as the main panels for a specific cut in the
rescaled time, versus 1/L. The approach to the asymptotic FSS
behavior, for finite L, appears to be consistent with the expected
O(1/L) trend (dashed red lines).

in Fig. 8 we considered the limit tm → 0. More precisely,
random local measurements have been performed at every
Trotter time step, so that tm = 0.005. The upper panel displays
results for the rescaled susceptibility χL−3/4 as a function
of the rescaled time t/L, keeping g = 1 and h = 0, for mea-
surements performed along the longitudinal direction [σ (3)

x ].
The lower panels highlight that corrections to the scaling are
O(L−3/4), as expected. Here the compatibility with a L−3/4

behavior (dashed red lines) is excellent already at very small
system sizes, contrary to the case of larger tm values: compare
with the insets of Fig. 6, where deviations from the expected
trend emerge at smaller L. This hints at the fact that other
subleading terms, that may enter the scaling corrections at
finite L, may get suppressed for tm → 0, such as those which
are O(tm/Lz ).

Finally we observe that the same scaling functions (M,
G, C, ...) are expected to hold for vanishing tm, so that the
asymptotic curves for the magnetization and the susceptibility
at L → ∞ should coincide with those at finite tm, after a
proper rescaling of all the relevant parameters in the dynamic
protocol.

APPENDIX D: ONE-SPIN MODEL SUBJECT TO PERIODIC
MEASUREMENTS

Here we discuss the dynamics of a single spin-1/2 system
in a magnetic field, subject to periodic measurements along
a given axis, for which it is possible to derive an analytic

FIG. 8. Same as in Fig. 6, but for random local measurements
along the longitudinal direction in the continuous-time limit tm → 0
and with p = 0.1/L2. The lower panels display the same data as the
main panel, for two specific values of rescaled time (left: t/L = 0.2;
right: t/L = 0.5) versus L−3/4. The approach to the asymptotic value
is consistent with the expected L−3/4 corrections (dashed red lines).

solution. We consider the following Hamiltonian model:

H1 = −gσ (1) − hσ (3), (D1)

where g and h denote the intensity of an applied external
magnetic field along two orthogonal directions. Without loss
of generality, we fix g = 1. We now suppose initializing the
system in its ground state, associated with the parameter h at
t = 0. Then we perform a sequence of repeated measurements
of the operator σ (3) at every time interval tm (the choice of the
measurement axis is arbitrary).

The dynamics arising from this protocol can be described
in terms of the system’s density matrix ρ. The starting (t = 0)
state is a pure state, given by

ρ0 ≡ ρ(t = 0) = |0h〉〈0h|, (D2)

where

E0 = −
√

1 + h2, (D3)

|0h〉 = N [(−h −
√

1 + h2)|+〉 + |−〉], (D4)

and |±〉 are the eigenstates of σ (3), while N is the normaliza-
tion to obtain 〈0h|0h〉 = 1. Then, defining the density matrix
after n measurements, at time t = ntm, as

ρn ≡ ρ(t = ntm), (D5)

the subsequent dynamics can be described as a series of two-
step operations:

(i) A unitary time evolution for a time tm,

ρ̃n+1 = e−iH1tmρneiH1tm . (D6a)

035119-8

θ

θ

θ

Scaling in monitored systems @ CQT

H = − ∑
j

(σz
j σz

j+1 + σx
j + hσz

j )

D. Rossini, E. Vicari, Phys. Rev. B 102, 035119 (2020)

tm = 0.1, p = L−(z+d)

We keep  fixed

 this originates  corrections


The probability  of measuring is

 per unit of time       

 per unite of space  

tm
→ O(L−1)

p
→ (L−z)
→ (L−d)

0 gc g

h

(κ = 1)
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Conclusion

Distinct spectral mechanisms lead to emergent scaling behavior 
Continuous transitions  critical gap closing 

First-order transitions    competing ground states

→
→

  Scaling behavior survives quantum dynamics


  Dissipation & measurements induce new scaling variables


  Universality not restricted to equilibrium 
      if only low-energy modes are excited

∙

∙

∙
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